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a b s t r a c t

A method for measuring the thermal conductivity (k) of small molecule organic solid materials using mod-
ulated differential scanning calorimetry (MDSC) is demonstrated. Sample preparation required powder
consolidation, unavoidably introducing air voids into compacts. Supporting equations for the technique
were modified to include a porosity term (ε), and the theoretical quadratic relationship between k and ε
was confirmed by experimental measurements for 18 representative materials. Zero-porosity extrap-
olation was used to approximate values of “true” thermal conductivity for non-porous solids (k ).
eywords:
hermal conductivity
harmaceutical small molecule organic
aterials

orosity
ero-porosity extrapolation

ε=0

Zero-porosity-extrapolated values ranged from 0.1273 W/(K m) to 0.3472 W/(K m) for all materials, con-
sistent with expected values of k for non-porous organic polymers.

© 2009 Elsevier B.V. All rights reserved.
odulated differential scanning
alorimetry

. Introduction

Thermal conductivity (k) is a fundamental property that repre-
ents the ability of a material to transfer heat across a temperature
radient. Metals, whose internal structures consist of numerous
ree electrons, tend to be extremely good thermal conductors, hav-
ng k values that typically range from 20 to 400 W/(K m) [1]. In
ontrast, nonmetallic materials, which rely on phonon propaga-
ion for less efficient heat transfer, have k values that range from

to 50 W/(K m) for ceramic materials [1], and fall on the order
f 0.3 W/(K m) for organic polymers [1,2]. Small molecule organic
olids, typical of active pharmaceutical ingredients (API) and excip-
ents, are expected to have k values similar in magnitude to organic
olymers.

Models that demonstrate material responses to processing

nvironments, as well as those that facilitate prediction and min-
mization of potential thermal effects during storage, handling
nd shipping, are important in keeping with 21st century devel-
pment of pharmaceutical drug products. Thermal conductivity

∗ Corresponding author at: Duquesne University Graduate School of Pharmaceuti-
al Sciences, Mellon Hall 422C, 600 Forbes Ave., Pittsburgh, PA 15282, United States.
el.: +1 412 396 1543; fax: +1 412 396 4660.

E-mail address: wildfongp@duq.edu (P.L.D. Wildfong).

731-7085/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
oi:10.1016/j.jpba.2009.10.022
was identified as an essential parameter in investigations of tem-
perature effects involved in solid phase transformations during
high shear impact milling [3,4], as well as important to modeling
temperature evolution during compaction of pharmaceutical pow-
ders [5,6]. In either case, establishing whether or not heat transfer
results in a temperature excursion capable of causing a deleteri-
ous phase change, or chemical degradation is an important aspect
of helping to ensure product quality. In the milling work, k had
to be approximated based on measurements in organic polymers,
owing to the rarity of reported values for pharmaceutically relevant
materials. This paucity of thermal conductivity data for pharma-
ceutical materials makes accurate measurement of this property
important.

Diverse experimental techniques have been used to measure
k [2,7–17], employing methodologies, equipment, sample sizes,
and experimental time scales that lend themselves differently to
measurement capability, particularly for pharmaceutically relevant
materials. Methods that utilize differential scanning calorimetry
(DSC) instrumentation provide rapid measurement of k in the con-
text of a common, commercially available instrument, ubiquitously

present in pharmaceutical characterization laboratories. Adapta-
tions of different DSC instruments for measurements of k have been
carried out by various groups [2,10–13,16,17]; some methods hold
the disadvantage of specially designed accessories or modifications
to the DSC cell [2,11,17], while others are inappropriate owing to

http://www.sciencedirect.com/science/journal/07317085
http://www.elsevier.com/locate/jpba
mailto:wildfongp@duq.edu
dx.doi.org/10.1016/j.jpba.2009.10.022
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he low melting points of small molecule solids relative to available
etallic standards [12,16].
MDSC extends conventional DSC, and can be used to measure

for small molecule organic materials without the experimental
imitations described above. MDSC employs a sinusoidal temper-
ture variation, which is superimposed on a linear temperature
amp. This feature allows separation of the total heat flow sig-
al into its reversing (thermodynamic, heat capacity-related) and
on-reversing (kinetic) components [18,19]. Direct measurement
f heat capacity is then used to determine k. Although MDSC meth-
ds have been used to measure k for inorganic solids and polymer
lms [20,21], applications of this technique for pharmaceutical
olids have not been reported.

Sample preparation involving small molecule organic solid
aterials requires consolidation as un-sintered powder compacts

as opposed to cast films or ingots). The unavoidable pres-
nce of air-filled voids within a sample creates a solid–vapor
wo-phase composite, whose overall k will be influenced by
he low thermal conductivity of air (∼0.02 W/(K m)). The inor-
anic materials literature has demonstrated that the presence
f pores in a solid scatters phonons as they move through a
aterial, effectively decreasing their mean free path of transport

22,23]. Equations derived from fundamental equations of phonon
ransport, however, substantially overestimate experimental mea-
urements of thermal conductivity relative to pore fraction
22].

Given the relationship between void fraction and thermal con-
uctivity, it is noted that pharmaceutically relevant raw materials,
rocess intermediates, and solid drug products will invariably
ontain some ε, potentially rendering models that use unad-
usted values of k less accurate. The objective of this study was,
herefore, to demonstrate the need for correcting experimentally
etermined k measurements based on ε. A theoretical quadratic
elationship is derived, and zero-porosity extrapolation is used to
pproximate “true” values of thermal conductivity for non-porous
rystals.

. Theory

Blain and Marcus derived Eq. (1) to determine the observed
hermal conductivity (ko, W/(K m)) of right cylinder samples using

DSC [18,20]:

o = 8LC2

CpMd2P
(1)

ere, L is the sample thickness (mm), C the apparent heat capacity
mJ/K), Cp the specific heat capacity (J/(g K)), M the specimen mass
mg), d the specimen diameter (mm) and P the period of measure-

ent (s). The porosity of a powder column is a fractional quantity
efined by Eq. (2):

= 1 − �A

�cryst
(2)

here �cryst is the density of the solid material based on its crystal-
ographic structure (true density), calculated using Eq. (3):

cryst = mwZ

0.60221V
(3)

here mw is the molecular weight of the molecule, Z is the number
f crystallographically unique molecules in the unit cell of the crys-

al structure, and V is the unit cell volume (Å3) [24]. Although not
resented in the current work, in the absence of crystallographic
ata for a given material, or in the case of non-crystalline solids,
cryst could be experimentally determined using helium pycnom-
try.
iomedical Analysis 51 (2010) 979–984

The apparent density, �A, used in Eq. (2) is easily calculated
assuming a right cylinder solid specimen:

�A = 4M

�d2L
(4)

Variables in Eq. (4) are the same as those for Eq. (1).
While L, Cp, d, �cryst, and P are constants for any experiment, C

and M will vary with respect to ε. Combination of Eqs. (2) and (4) and
substitution into Eq. (1), shows a quadratic relationship between ko

and ε (see Appendix A)1:

ko(ε) = 32
�Cpd4P�cryst

· C2(ε)
(1 − ε)

(5)

Zero-porosity extrapolation of k data measured over a range of ε
allows approximation of a “true” thermal conductivity represen-
tative of k for the non-porous crystal (kε=0). Although the porosity
of a powder column can vary with particle size distribution (i.e.,
pore volume and specific microstructure will be related to surface
area), neither particle size nor specific surface area was used as an
additional variable in the present work to correct measurements
of k. The reasons are considered as follows: first, particle size dis-
tribution only helps describe interparticulate pores, while porosity
encompasses both inter- and intraparticulate pores. Thus, poros-
ity is expected to better characterize air-filled voids both within
and among powder particles than an explicit particle size distri-
bution or specific surface area. Second, since porosity is partially
dependent on particle size, adding an aliasing factor into Eq. (4) is
expected to induce difficulty when regression is used to explore the
quadratic relationship. Ultimately, more specific measurements of
pore volume and microstructure represent a logical expansion of
the present data and will be pursued in future work.

3. Experimental

3.1. Materials

High-purity samples of 18 separate materials were purchased
for use (Table 1); all chemicals were used as received, with excep-
tions described below. Phase purity of all materials was confirmed
using X-ray powder diffraction (XRPD) by comparison of experi-
mental data with known structures obtained from the Cambridge
Structural Database (CCDC) [25–27]. For consistency of sample
preparation, the median particle size (d50) of each material was
measured by sieve analysis, and is reported in Table 2. XRPD and
DSC were used to evaluate sized samples; neither the diffraction
patterns nor the thermal traces showed any evidence of disordering
upon sample preparation of either sample. Theophylline monohy-
drate was prepared in-house by storing anyhydrous theophylline
for 1 week in a desiccator maintained at 75% relative humidity
and room temperature. Phase purity was confirmed by comparison
of experimental XRPD patterns with the known diffraction pat-
tern (CCDC reference code: THEOPH) [25–27]. Confirmation of the
monohydrate was also performed using thermogravimetric analy-
sis (TGA); consistent with the theoretical value, the water content
of theophylline monohydrate determined by TGA was 9.1% (w/w).
Polystyrene (PS) and poly(methyl methacrylate) (PMMA) standards
were used as conductivity reference materials (see Section 3.4 for
description).
A TA Instruments Q100 heat flux DSC, temperature-controlled
using a refrigerated cooling accessory (TA Instruments, New Castle,

1 Eq. (5) is algebraically equivalent to Eq. (3) reported in [3].
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Table 1
Linear dependence of C(ε) (mJ/K) for 18 small molecule organic solids at 25 ◦C.

Material Source C(ε) (mJ/K) R2

Acetaminophen Sigma–Aldrich C(ε) = −82.508ε + 57.412 0.9633
Aspirin Sigma–Aldrich C(ε) = −93.097ε + 61.843 0.9747
Carbamazepine III Acros C(ε) = −115.950ε + 70.578 0.9861
�-Indomethacin Sigma–Aldrich C(ε) = −72.925ε + 53.429 0.9889
Ketoprofen MP Biomedicals C(ε) = −62.078ε + 53.663 0.9734
�-d-Lactose Acros C(ε) = −146.140ε + 79.001 0.9864
�-d-Lactose·1H2O Acros C(ε) = −109.690ε + 79.810 0.9754
�-d-Mannitol Acros C(ε) = −98.801ε + 76.180 0.9834
Naproxen Fluka Chimie C(ε) = −70.239ε + 50.405 0.9812
�-Piroxicam MP Biomedicals C(ε) = −93.333ε + 57.996 0.9827
Salicylamide Sigma–Aldrich C(ε) = −182.200ε + 75.104 0.9630
�-Sulfanilamide Acros C(ε) = −63.875ε + 69.014 0.9870
Sulfathiazole III Alfa Aesar C(ε) = −78.599ε + 60.067 0.9783
Sucrose Sigma–Aldrich C(ε) = −145.220ε + 77.482 0.9855
Theophylline BASF C(ε) = −77.803ε + 59.260 0.9616
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Theophylline·1H2O
Trehalose Acros
Tolbutamide I MP Biomedicals

E) was used for all MDSC measurements. The furnace was con-
inuously purged with N2 gas (50 mL/min), and a three-point
emperature and enthalpy calibration was carried out at 10 ◦C/min
sing Sn, In, and o-terphenyl as standard references. The instru-
ent was calibrated for heat capacity in modulated mode, using a

apphire standard.

.3. Measurement of specific heat capacity (Cp) and apparent
eat capacity (C)

Specific heat capacity was measured for each material using
DSC and “thin” compacts. Powders were consolidated in a
mm evacuable pellet die (Reflex Analytical) using a Carver 3887
utoPellet hydraulic press (Carver, Inc., Wabash, IN) over a 10 s
well time to a controlled thickness (0.4 ± 0.1 mm) to ensure uni-
orm temperature distribution during modulation. Compacts were
ncapsulated in standard DSC aluminum sample pans (Fig. 1a), and
sothermally equilibrated in the DSC furnace at 25 ◦C for 20 min,
sing a temperature modulation with a fixed amplitude and period

±0.5 ◦C; 80 s). Values for Cp were obtained by normalizing the mea-
ured heat capacity of the specimen to its mass, and reported as the
ean value of triplicate samples (Table 2).
Apparent heat capacity of porous samples was obtained from

easurements on “thick” specimens (3.5 ± 0.5 mm), where L was

able 2
CDC reference codes, �cryst , d50, Cp and L data for 18 small molecule organic solids.

Material CCDC Refcodea �cryst (g/cm3)a

Acetaminophen HXACAN01 1.293
Aspirin ACSALA01 1.401
Carbamazepine III CBMZPN01 1.347
�-Indomethacin INDMET 1.372
Ketoprofen KEMRUP 1.284
�-d-Lactose BLCATO 1.586
�-d-Lactose·1H2O LACTOS10 1.530
�-d-Mannitol DMANTL07 1.484
Naproxen COYRUD 1.266
�-Piroxicam BIYSEH 1.475
Salicylamide SALMID 1.346
�-Sulfanilamide SULAMD03 1.514
Sulfathiazole III SUTHAZ02 1.569
Sucrose SUCROS03 1.590
Theophylline BAPLOT01 1.493
Theophylline·1H2O THEOPH 1.458
Trehalose YOXFUM 1.636
Tolbutamide I ZZZPUS02 1.247

a Please see Refs. [25–27] for acknowledgement of access to the CCDC.
C(ε) = −112.540ε + 75.813 0.9809
C(ε) = −130.310ε + 86.170 0.9905
C(ε) = −59.217ε + 54.858 0.9789

controlled to ensure a consistent inter-sample temperature gradi-
ent during temperature modulation (Table 2). Specimens having
different ε were prepared using the 6 mm evacuable pellet die
and press indicated above (for forces above 9.0 kN) and a man-
ual Carver 3851 bench top hydraulic press (Carver, Inc., Wabash,
IN) for forces below 9.0 kN. Compaction dwell times were 10 s,
while forces were varied between 2.2 kN and 15.6 kN. The dimen-
sions of each compact were measured immediately prior to MDSC
measurements to avoid errors attributable to compact elastic relax-
ation. A drop of silicon oil was placed on the DSC sample sensor
platform, on top of which a thin aluminum foil disk was added
to facilitate effective thermal contact between platform and speci-
men. To balance thermal effects, an equivalent foil disk and silicon
oil droplet was placed on the reference sensor. Test specimens
were placed on top of the foil disk (Fig. 1b), and the samples
were subjected to the same temperature modulation as the “thin”
specimens. It has been suggested that silicon added to both sides
of the aluminum foil disks maximizes effective thermal contact
between the DSC platform and the materials [21]. This recommen-

dation, however, assumes non-porous specimens, and is, therefore
unsuitable for the present work given that porous compacts will
absorb the silicon oil. As such, test specimens were placed in the
furnace in direct contact with the upper side of the aluminum
foil.

d50 (�m) Cp (J/(g K)) (±sd, n = 3) L (mm) (±sd, n = 12)

183 1.289 (0.005) 3.542 (0.061)
188 1.136 (0.006) 3.473 (0.109)
360 1.189 (0.030) 3.428 (0.104)

76 1.165 (0.004) 3.518 (0.058)
370 1.197 (0.029) 3.555 (0.051)
105 1.180 (0.005) 3.517 (0.020)
155 1.167 (0.018) 3.538 (0.038)

89 1.288 (0.009) 3.543 (0.035)
239 1.273 (0.009) 3.425 (0.139)
183 1.203 (0.007) 3.517 (0.047)

94 1.277 (0.002) 3.495 (0.014)
104 1.220 (0.020) 3.459 (0.091)

97 0.987 (0.027) 3.522 (0.091)
329 1.243 (0.003) 3.571 (0.072)
175 1.064 (0.019) 3.518 (0.109)

81 1.176 (0.005) 3.488 (0.043)
101 1.171 (0.017) 3.524 (0.049)
174 1.466 (0.020) 3.505 (0.058)
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ig. 1. (a) Cp measurements using MDSC and “thin” specimens and (b) C(ε) mea-
urement using MDSC and “thick” samples varied over ε.

.4. Thermal conductivity (k) as a function of sample porosity (ε)

The thermal conductivity constant (D) was calculated to correct
eat losses through the surrounding purge gas [18,20] using Eq.
6). Non-porous, cast PS specimen disks, having d = 6.35 mm and L
f either 0.4 mm (thin standard; Cp) or 3.5 mm (thick standard; C)
ere used to determine D:

= (ko,PS · kr,PS)1/2 − kr,PS (6)

here ko,PS is determined for non-porous PS using Eq. (1), while
r,PS is the PS reference value at 25 ◦C (0.1536 W/(K m)). Measured
alues of D uniformly fell within the range reported to be physically
eaningful (0.0100–0.0500 W/(K m)) [21]. For all materials, at each

, Eq. (5) was used to determine ko, and corrected using D to obtain
he thermal conductivity (k) of any sample (Eq. (7)) [18,20,21]:

1
[ √ ]
=
2

· ko − 2D + k2
o − 4Dko (7)

echnique accuracy was determined by repeating MDSC measure-
ents using non-porous, cast PMMA disk specimens as a reference.

ike the PS reference specimens, PMMA reference disks had a diam-

able 3
uadratic dependence of k(ε) (W/(K m)) for 18 small molecule organic solids, and respect

Material k(ε) (W/(K m))a

Acetaminophen k(ε) = 0.0482ε2 − 0.3567ε + 0.1659
Aspirin k(ε) = 0.0867ε2 − 0.4702ε + 0.2089
Carbamazepine III k(ε) = 0.1889ε2 − 0.6866ε + 0.2741
�-Indomethacin k(ε) = 0.0272ε2 − 0.2969ε + 0.1474
Ketoprofen k(ε) = 0.0032ε2 − 0.2359ε + 0.1558
�-d-Lactose k(ε) = 0.3599ε2 − 0.8831ε + 0.2988
�-d-Lactose·1H2O k(ε) = 0.0746ε2 − 0.6045ε + 0.3211
�-d-Mannitol k(ε) = 0.0386ε2 − 0.4686ε + 0.2700
Naproxen k(ε) = 0.0242ε2 − 0.2710ε + 0.1273
�-Piroxicam k(ε) = 0.0888ε2 − 0.4055ε + 0.1579
Salicylamide k(ε) = 0.8673ε2 − 1.2239ε + 0.2905
�-Sulfanilamide k(ε) = 0.0015ε2 − 0.2099ε + 0.2234
Sulfathiazole III k(ε) = 0.0293ε2 − 0.3615ε + 0.1996
Sucrose k(ε) = 0.3386ε2 − 0.8108ε + 0.2673
Theophylline k(ε) = 0.0280ε2 − 0.3449ε + 0.1881
Theophylline·1H2O k(ε) = 0.1162ε2 − 0.6353ε + 0.2974
Trehalose k(ε) = 0.2100ε2 − 0.7719ε + 0.3472
Tolbutamide I k(ε) = −0.0018ε2 − 0.1830ε + 0.1341

a Note: All predicted quadratic functions k(ε) had R2 = 1.0000.
iomedical Analysis 51 (2010) 979–984

eter of 6.35 mm, and a thickness of either 0.4 mm (thin standard; Cp)
or 3.5 mm (thick standard; C). The values of k for PMMA using the
same procedure were determined to be within 1.1% of the reference
value [21].

4. Results and discussion

As shown in Eq. (5), determination of the functionality of C(ε)
was necessary. Linear functions for each material were interpo-
lated from measurements of C vs. ε (Table 1). It is noted that
the linearity of C(ε) is better for some materials than for oth-
ers. This is a reflection of the unavoidable variability inherent to
preparation of compacts from pharmaceutical powders, where con-
solidation is highly dependent on material response to the transfer
of a physical load across a powder bed during axial compaction.
It is anticipated, therefore, that poorly compactible materials such
as acetaminophen may demonstrate greater variability in poros-
ity, density, and interparticulate bond anisotropy relative to easily
compacted materials, which contributes to inconsistent heat trans-
fer across the samples. Additionally, variability in particle size and
particle size distribution can change the specific microstructure of
the compacts; as such sample preparation should utilize consis-
tently sized materials.

Experimental values for k were obtained from measurements on
twelve separate samples for each material. The lower ε boundary
was determined by the physical limitations of compact preparation
(i.e., the lowest ε obtainable by consolidation at maximum com-
paction force). Likewise, the upper limit for ε was established by
application of the minimum compaction force required to produce
a physically integral compact. The predicted quadratic relationship
between k and ε (see Appendix A), is plotted in Fig. 2 relative to data
collected for trehalose. The root mean square error (RMSE) was
determined for each dataset relative to the theoretical quadratic
model (see Appendix A, Eq. (A.9)), all of which indicate very good
agreement between theory and experimentally determined val-
ues (Table 3). The thermal conductivities of fully dense samples
of each material were imputed by model extrapolation to zero
porosity. Values of kε=0 for all 18 materials were determined to
range between 0.1273 and 0.3472 W/(K m), consistent with values
observed for non-porous organic polymers.
The method described herein provides a means by which the
thermal conductivity of small molecule organic solid materials can
be measured using a commonly available technique (MDSC). As
accurate determination of k relies upon measurement of C, and Cp,
it is recommended that regular calibration for these parameters be

ive values for kε=0.

RMSE (W/(K m)) kε=0 (W/(K m))

0.0036 0.1659
0.0058 0.2089
0.0047 0.2741
0.0020 0.1474
0.0045 0.1558
0.0060 0.2988
0.0059 0.3211
0.0031 0.2700
0.0047 0.1273
0.0046 0.1579
0.0051 0.2905
0.0046 0.2234
0.0049 0.1996
0.0051 0.2673
0.0055 0.1881
0.0099 0.2974
0.0060 0.3472
0.0049 0.1341
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ig. 2. Thermal conductivities of trehalose (�) as a function of porosity, plotted
elative to theory (- - -). Zero-porosity-extrapolated thermal conductivity (kε=0) and
MSE of experimental data relative to theory are indicated.

one according to the regularity of instrument use and vendor spec-
fications. This technique is anticipated to be easily implemented

ith new materials for which limited characterization data are
nown, as the only input parameter needed (outside of sample
imensions and mass) is the crystallographic density, which is eas-

ly obtained given a known crystal structure. Consistent sample
reparation is essential to accurate measurement, which may be
ffected by pore volume and pore surface area as they relate to the
article size and particle size distribution of materials. These ele-
ents of specific microstructure require further consideration, and

epresent a future extension of this work.

. Conclusions

A method for the measurement of the thermal conductivity
f pharmaceutical small molecule organic solids was developed
sing MDSC. The thermal conductivities of 18 pharmaceutical solid
aterials were measured at room temperature and the theoreti-

al quadratic dependence of k on ε was confirmed. Zero-porosity
xtrapolation was used to estimate kε=0 values for non-porous
rystals; all values were determined to fall within an acceptable
ange consistent with the type of materials under consideration.
he present data are believed to represent the most comprehensive
ist of k values reported for pharmaceutically relevant materials as
etermined by a single technique, in addition to the first report to
pecifically address variations in this measurement as a function of
ample microstructure.
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ppendix A. Quadratic dependence of k(ε)

Manuscript Eq. (1) relates ko to MDSC sample physical constants
, C, Cp, M, d, and P:

o = 8LC2

CpMd2P
(A.1)
anuscript Eqs. (2) and (3) (respectively for ε and �A) are combined
nd rearranged to relate M(ε):

(ε) = (1 − ε)�d2L�cryst

4
(A.2)

[

[

[

iomedical Analysis 51 (2010) 979–984 983

As both M and C vary with ε, substitution of Eqs. (A.1) and (A.2)
relates ko to ε:

ko(ε) = 32
CpP��crystd4

· C2(ε)
(1 − ε)

= ϕ · C2(ε)
(1 − ε)

(A.3)

C(ε) is experimentally determined to be linearly dependent over
the range of ε studied (see manuscript Table 1), i.e. C(ε) = aε + b,
where a and b are respectively constants representing linear slope
and intercept:

ko(ε) = ϕ · (aε + b)2

(1 − ε)
where ϕ = 32

CpP��crystd4
(A.4)

Correction of ko to k using manuscript Eq. (6) represents a constant
offset term, c:

k(ε) = ϕ · [a(ε) + b]2

(1 − ε)
+ c (A.5)

and

k(f ) = ϕ · [a(1 − f ) + b]2

f
+ c (A.6)

Here, f is solid fraction (mathematical complement to ε, i.e.,
f = (1 − ε)), which is substituted for ease of expansion of Eq. (A.6):

k(f ) = ϕa2f + ϕ(a + b)
1
f

− 2a2ϕ − 2abϕ + c (A.7)

Eq. (A.7) can be re-written in the general form:

k(f ) = Af + B
1
f

+ C (A.8)

where constants A = ϕ·a2; B = ϕ·(a + b)2; and C = −2a2ϕ − 2abϕ + c. In
order to determine these constants, assuming k(f) and f are known
from experimental data, Eq. (A.8) can be expressed in a quadratic
form by rearrangement and multiplication by f:

Af 2 + [C − k(f )]f + B = 0 (A.9)

Since f = 1 − ε, k(ε) will also be quadratic, as demonstrated in
manuscript Table 3.
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